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Figure1: A Hirlam Grid

’Hirlam output data are in a rotated lat-lon grid’

The Hirlam grid is typically definedon a ’rotated’ latitude-longitudecoordinatesystem.In
the presentnote I will explain what this means,andwrite down the algebrato convert from
geographicalcoordinates(alsocalled’regularlat-lon’ coordinates)to rotatedcoordinates.I will
alsoshow how to rotatea horizontalvectorsuchasthewind. However, it is not theaim of this
noteto discusshandlingof theHirlam forcing fieldsin general.

Normally theequatorof the rotatedsystemis plasedsomewherealongthemiddleof grid.
Whenthepeopleat themeteorologicalinstitutesgiveusthedatathey tell usthat

"Origo of theHirlam grid is at longitudeαR0 andlatitudeφRO. Longitudeincrementis dx
andlatitudeincrementis dy. Therearenx grid pointsin longitudedirectionandny grid points

1Thecorrectnessof all formulas,especiallyEqs.SAr to CBr hasnotbeenverifiedyet



in latitudes.Thesequenceof binarydataarewritten to thefile in this andthis orderalongthe
grid points."

This informationdefinesthegrid pointswithin therotatedsystem,andsomeof theinforma-
tion is written to inventorysectionsof thedatafiles (exceptfor thecountingorderof datain the
files- youmustfind this informationelsewhere).So,if weknow thecoordinatesof apoint in the
rotatedsystem(e.g.point P � �

αR � φR� of Fig. 1), we canidentify near-by grid pointsby their
coordinatesandfind theirfield valuesin thedatafile. However, weusuallyonly know thepoint
P asageographicposition

�
λ � φ � . In orderto calculatethecoordinatesof P in therotatedsystem,

we mustknow orientationof therotatedreferencesystem.Thedatafile inventoryprovidesthis
informationexpressedasthepositionof thesouthpoleof therotatedsystem

�
λS� φS� .

Wealsowantto rotatehorizontalvectorssuchasthewind. For thisweneedto calculatethe
meridionalconvergenceat ourpositionP. Theconvergenceis definedasthelocalangleβ from
theregularmeridianthroughthepoint P to therotatedmeridianat P.

Thesphericalgeometryis illustratedin Fig. 2. By convensionlongitudesαR of therotated
systemhasorigoat thecommonmeridianthatintersectsthesouthpolesof boththerotatedand
theregularsystem.If we apply thesameconvensionto theregular lat-lon system,thealgebra
becomessimpler. In ourdetailedthreatmentof thesphericaltrigonometrywewill shift origo to
λS, andusea longitudeparameterα � λ � λS.

Figure2: Regularandrotatedsphericalcoordinatesystems.TheEquatoris ’EQ’, SouthPole
’SP’ andNorthPole’NP. Parametersof therotatedsystemhave index ’R’.
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The conversion formulas

Hereweprovideanoverview of theformulas2 for conversionbetweentheregularandtherota-
tedlat-loncoordinatesystems.Formulasaregivenfor a)LocatepointP in therotatedcoordinate
system,b) Find regularorientationof avectorknown in therotatedcoordinatesystem(suchas
wind direction),c) Convertapositionknown in rotatedcoordinatesto regularcoordinates.

a) Locatea point P in therotatedcoordinatesystem

OurpositionP hasgeographiclongitude,latitudecoordinates
�
λ � φ � . To derivetherotatedlongi-

tudecoordinateλR wefirst calculatetheright-handsidesof theequations

sinλR cosφR
� sin

�
λ � λS� cosφ � SA

cosλR cosφR
� cosφS sinφ � sinφS cosφ cos

�
λ � λS� � CA

Thereis no needto calculateφR in orderto get λR. For positiveCA it is simply the principal
valueof thearctangentof SA� CA, andfor negativeCA it is thearc tangentshiftedplus/minus
π. Strictly,

λR
�

�������� ������	

Arctan
�
SA� CA� for thecaseCA 
 0

Arctan
�
SA� CA��� π for CA  0 andSA � 0

Arctan
�
SA� CA� � π for CA  0 andSA  0

π � 2 for CA � 0 andSA � 0� π � 2 for CA � 0 andSA  0

In standardprogramminglanguagesthis is expressedshortlyby usingthefunctionatan2:

λR
� atan2

�
SA � CA� ; (1)

To derive therotatedlatitudecoordinateφR wecalculatetheright-handsideof

sinφR
� � sinφS sinφ � cosφS cosφ cos

�
λ � λS� � SL

andthengetφR asthearcsinus
φR

� Arcsin
�
SL � (2)

Thereis noneedof multiplecasesheresinceφR belongsto theinterval ��� π � 2 � π � 2� .
b) Map a vectorfromrotatedto regular coordinatesystem

Thedirectionof a vector(suchaswind direction)at P mustbeshiftedby theangleβ between
the rotatedmeridianandthe regularmeridianthroughP (Fig. 2). Note that thereis alwaysan

2It shouldbenotedthatthereareotherwaysto do therotation.For exampleyou maytransformto a Cartesian
systemandrotatethatsystem.
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ambiguityin how individualpersonsinterpretethesignof suchangles.All I cansayis thatthe
signof β usedhereis positive in thedirectionshown in Fig. 2. β is derivedfrom theformulas

sinβ cosφR
� sin

�
λ � λS� cosφS

� SB

cosβ cosφR
� � sinφS cosφ � cosφS sinφ cos

�
λ � λS� � CB

Expressedin theprogramminglanguagefunctionatan2wehave

β � atan2
�
SB � CB� (3)

c) Map a positionfromrotatedto regular coordinates

The transformationsabove maybereversed,usingvirtually thesameequations.However, in-
terchangingthesymbolsfor rotatedandregularcoordinatesis not quitestraightforeward.The
regularsouthpolehasthecoordinates(180� ,φS) relative to therotatedsystem.This meansthat
on the left handsidesof the equationsSA andCA λR is exchangedwith λ � �

λS � 180� � . On
the right handsidesof all equationsSA to CB

�
λ � λS� is exchangedwith

�
λR � 180� � . The

reverseequationscorrespondingto Eqs.SA to CB arethen(with index ’ r ’ meaning’reverse-
from rotatedto regular’)

� sin
�
λ � λS� cosφ � � sinλR cosφR

� SAr� cos
�
λ � λS� cosφ � cosφS sinφR � sinφS cosφR cosλR

� CAr

sinφ � � sinφS sinφR � cosφS cosφR cosλR
� SLr

sinβ cosφ � � sinλR cosφS
� SBr

cosβ cosφ � � sinφS cosφR � cosφS sinφR cosλR
� CBr

Trigonometry on spherical triangles

Wewill deriveEqs.SA toCB from sphericaltrigonometry. Figure3 a)showsasphericaltriangle
wich hascornersat thetwo southpolesandat thepoint of interestP. Theanglesat thecorners
areα, β asdefinedabove.Thethird angleis

γ � 180� � αR (4)

Thearcanglesof thesidesarefoun with theaid of Fig. 2:

a � φR � 90� � b � φS � 90� � c � φ � 90��� (5)

Figure3 b) showstwo triangles.They haveonecommonsideconnectingP andtheorigoof
the rotatedsystem,andtheir third corneris respectively theregularSouthPole,andtheright-
angledprojectionof P on therotatedEquator. Two new sidelengthsareintroduced,

a2 is to beeliminatedbetweentrigonometricrelationsof thetwo triangles

b2
� φS � 180� (6)
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Figure3a):Sphericaltriangles

Figure3 b)

In termsof theparametersof Fig. 3 a)wehave, from theLaw of Sines:

sinβ sina � sinbsinα (7)

sinγ sina � sincsinα (8)

andfrom theLaw of Cosines:

cosa � cosb cosc � sinb sinc cosα (9)

cosβ � � cosα cosγ � sinα sinγ cosb � (10)

For Fig. 3 b) wehave from theLaw of Cosines:

cosa2
� cosb2 cosc � sinb2 sinc cosα (11)

cosa2
� cosαR cosφR (12)

for thetwo trianglesrespectively.

Equation(10) is multipliedby sina, andthefactorsinγ sina is theneliminatedby useof Eq.
(8). We thenhave

cosβ sina � � cosα cosγ sina � sin2α sinc cosb (13)
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Now rewrite theequationsin termsof thelat-loncoordinatesof Eqs.(4) to (6). Wefind that

Eq. �SL � correspondsto Eq.(9),
Eq. �SA� correspondsto Eq.(8), and
Eq. �SB� correspondsto Eq.(7).
Eq. �CA� is theequalitybetweenright sidesof Eqs.(11)and(12).

To obtainEq. �CB� wewill doa little algebra.Substitutionof Eqs.(4) to (6) in Eq.(13) yields

cosβ cosφR
� cosα cosαR cosφR � sin2α cosφ sinφS

By substitutionof Eq. �CA� weseethatthis is equalto

cosβ cosφR
� cosα cosφS sinφ � sinφS cosφ � sin2 α � cos2α �

which reducesto Eq. �CB� .
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